Scandinavian
Journal of StatisticS Theory and Applications

\\

N

Scandinavian Journal of Statistics, Vol. 42: 10921108, 2015
doi: 10.1111/sj0s.12153
© 2015 Board of the Foundation of the Scandinavian Journal of Statistics. Published by Blackwell Publishing Ltd.

/ /7// 2N \\

/ /4
[/,//
. // f-',',,.%)

Generalized Maximum Spacing
Estimation for Multivariate Observations

KRISTI KULJUS

Department of Mathematics and Mathematical Statistics, Umed University

BO RANNEBY

Department of Forest Economics, Swedish University of Agricultural Sciences

ABSTRACT. In this paper, the maximum spacing method is considered for multivariate obser-
vations. Nearest neighbour balls are used as a multidimensional analogue to univariate spacings.
A class of information-type measures is used to generalize the concept of maximum spacing esti-
mators. Weak and strong consistency of these generalized maximum spacing estimators are proved
both when the assigned model class is correct and when the true density is not a member of the
model class. An example of the generalized maximum spacing method in model validation context
is discussed.
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1. Generalized maximum spacing estimate
1.1. Introduction

For independent and identically distributed univariate observations, a new estimation method,
the maximum spacing (MSP) method, was defined in Ranneby (1984) and independently by
Cheng & Amin (1983). In Ranneby et al. (2005), the MSP method was extended to multivariate
observations for the Kullback-Leibler information measure using both nearest neighbour balls
and Dirichlet cells. The approach with Dirichlet cells was previously applied in Ranneby (1996)
and studied in more detail by Jimenez & Yukich (2002). In this paper, the multivariate maxi-
mum spacing estimation method based on nearest neighbour balls is considered for a broader
class of information-type measures. We prove both weak and strong consistency of these gen-
eralized maximum spacing estimators under general conditions. In the univariate case, such
generalized MSP estimators based on different metrics were studied in Ranneby & Ekstrom
(1997), Ekstrom (2001) and Ghosh & Jammalamadaka (2001). Strong consistency of the MSP
estimators in the case of Kullback-Leibler information and for univariate observations was
proved in Ekstrom (1997) and Shao & Hahn (1999). Because estimators based on different
information measures have different properties (regarding e.g. robustness, bias and variance),
they behave differently in various situations. Which estimator is more suitable in any particular
situation depends on these properties. For example, even if many suitable choices of informa-
tion measure lead to limiting normal distributions of maximum spacing functions, the speed of
convergence can be quite different (Penev & Ruderman, 2011). As mentioned and exemplified
already in Ranneby (1984), an advantage of the maximum spacing method compared with the
maximum likelihood method is the possibility of checking the validity of the assigned model
class at the same time with solving the estimation problem. In this article, we will demonstrate
that combining information from spacing functions under different divergence measures can
provide further insight in the model validation context.
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In Section 2 we will prove weak consistency and in Section 3 strong consistency of the gen-
eralized MSP estimators. Some issues concerning a suitable choice of information measure in
different situations in the multivariate case will be discussed and illustrated in Section 4.

1.2. Notation and definitions

Let &1, ..., &, be a sequence of independent and identically distributed d-dimensional random
vectors with distribution Pg that is absolutely continuous with respect to Lebesgue measure.
Let the corresponding density function be g(x). Define the nearest neighbour distance to the
random variable &; as

Rn(l)=m1n|él_€:/|» l=17»n
J#i

Let B(x,r) = {y : |x — y| < r} denote the ball of radius r and centre x. Let NN; denote
the nearest neighbour of &;, and let B, (§;) denote its nearest neighbour ball, that is, this is
a ball with centre & and radius R, (i). Suppose, we assign a model with density functions
{fo(x), 0 € O}, where ® C RY. Define random variables z; ,, (0) as

Zin(0) =nPg(Byn(§;)), i=1,...,n.

Let i : (0,00) — (—00,0] be a strictly concave function that has its maximum at x = 1. The
following functions are some examples of such /:

hEx)=Ihx—x+1, h&)=0-x)lnx, h3x)=—|1-x"??,

ha(x) = —|1 —=x|”, hs(x) =sgn(l —a)(x* —ax +a —1),

where @ > 0, @ # 1 and p > 1. Here, /> corresponds to Jeffreys’ divergence measure, /3 to the
Hellinger distance, 74 to Vajda’s measure of information and /5 to Rényi’s divergence measure.
It is natural to generalize the maximum spacing method to the multivariate case and to define
the generalized maximum spacing function S, (0) as follows:

52(0) = Y hzin(6)).
i=1

Definition 1. The parameter value that maximizes S, (6) is called the generalized maximum
spacing estimate (GMSP estimate) of 6 and denoted by 6,,. If supg S, (0) is not attained for
any 0 in the admissible set ®, the GMSP estimate 6,, is defined as any point of ® that satisfies

Sp(6n) > —cn + sup Su(0),
oe@

where ¢;, > 0 is a sequence of constants such that ¢, — 0 asn — oo.

We need some further notation. Let || B(x, r)|| denote the volume of the ball B(x, r). Define
random variables n; ,, as

Nin = 1l|Bu (€. i=1,....n
Let
zn(0,x,y) = nPo(B(x,ry)), where |[[B(x,r)||=y/n.

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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In Ranneby e? al. (2005), it was shown that (&;, n; ,,) converges in distribution to (X, Y), where
X has density g(x) and Y |X = x is exponentially distributed with the parameter g(x). Denote
the distribution function of (¢;,n; ») by Pn(x,y) and the distribution function of (X, Y) by
P(x, y), then the density of (X, Y) is given by p(x, y) = g%(x)e 4™ where y > 0. Consider
a constant M > 0 and define the following functions:

() = max(=M. ()} Ty(M.6) = 3 i1 (zin(6)).
i=1

T(M.0) = /IM(yfe(X))dP(x,y), T(0) = /h(yfe(X))dP(x,y)-

Observe that T, (M, 0) is an approximation to S, () in the neighbourhood of supg S, (6), and
T (M, 0) is the limiting function of E T,,(M, 6). Further, T (0) = limas o0 T (M, 6).

1.3. Consistency of the generalized maximum spacing estimate

We will prove both weak consistency and strong consistency of the GMSP estimate in two
distinguished cases:

(1) The assigned model class is correct, that is, there exists fp € ® such that g(x) = fg, (x).
(2) The true density g(x) does not necessarily belong to { fy (x), 6 € ®}.

The idea is to approximate S, (¢) with a bounded function 7, (M, 8). Suppose S,, (€) converges
to T'(0) uniformly in 6 and that 7(0) has a unique maximum at 90 With convergence, we mean
either convergence in probabﬂlty or almost surely. Then S, (9,1) converges to supy 7(6) =
T(6p) and S, (9,1) T(9 ) converges to zero, implying that T(9 ) converges to 7'(6p). An
identifiability condition then implies the convergence of 9n to 6p. However, ensuring uniform
convergence of S, (6) is too restrictive. Because we are interested in convergence of supy S, (0),
it does not matter what happens with small values of S, (6). Therefore, we can consider the
approximation 7 (M, 8) and rely on uniform convergence of 7, (M, #). To obtain consistent
GMSP estimates, we need conditions that prevent distributions corresponding to neighbouring
parameter values from varying too much.

Condition C1 (continuity condition). For each ¢ > 0 and > 0, there exists an integer m, a
partition of ® into disjoint sets @1, ..., @, compactsets K; = A; x[b; 1,b;2] C RY xRt
and parameter values ; € ®,, j = 1,...,m, such that for each j

i P(X.Y)eK;)>1—n.
(ii) SUPpeo, |zn(0,x,y) —z2n(Yj,x,y)| <eforall (x,y) € K; and foralln > n*(¢, n).

Condition C2 (identifiability condition). There exists a point 8y € @ that uniquely maximizes
T (6). For each § > 0, there exists a constant M; = M (§) such that

sup T(My,0) < T(6o).
0B (60,8)

For comments and examples regarding the continuity condition C1, see Ranneby (1984),
Ekstrom (1998) and Ranneby et al. (2005). The identifiability condition C2 is a strong iden-
tifiability condition. When weak identifiability conditions are used instead, these are usually
combined with other conditions implying that a strong identifiability condition is satisfied.

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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Proposition 1. Under the following assumptions, C2 is satisfied:

(i) For almost all x, fg(x) is a continuous function of 9, 6 € ©.
(ii) Foreach® € @ — O and 0’ € O, limg/_.g fo(x) exists.
(iii) For® € ©,0 # 6y and 9’ € O, w({x : limgr g for(x) # fgo(x)}) > 0, where p is
Lebesgue measure.

Proof. When the assigned model class is true, an application of Jensen’s inequality condi-
tionally on Z = Yg(X), together with (iii), guarantees that 7'(f) has a unique maximum
at Op:

T(0) = E[h(Yfo(X))] = EZ E[n(Zfo(X)/g(X))|Z] < E[h(Yg(X))] = T (o).

In the case of wrong model class, we assume that 7(6) has a unique maximum at 6y. For
any fixed 0, T (M, 0) is a sequence of decreasing functions, and according to the monotone
convergence theorem, T (M, 0) \( T(0) as M — oo. The Lebesgue dominated convergence
theorem, together with (i) and (ii), implies that for every M > 0, T(M, 0) is a continuous
function of 6 for # € @. Fatou’s lemma gives that 7'(9) is upper semi-continuous for 8 € 6.

Assume that @ is bounded, take an arbitrary § > 0 and consider the following compact
subset of ©@: {# : |6 — 6p| > §}. Because T(#) is upper semi-continuous, it attains its maximum
at & = 6%, say (Royden, 1968, p. 161). Let T(8p) — T(6*) = as. For 8 € {6 : |0 — 6| >
8}, define UM, 0) = max{T(M,6),T(6*)}. An application of Dini’s theorem implies that
SUpjg—gy|=s UM, 0) — T(60™). Thus, for M > M (5),

sup T(M,0) < sup UM, 0)<T@®O%) + 2 <7().
16—601=8 16—60|=8 2

If ® is not bounded, make one-to-one monotone continuous transformations so that the
transformed parameter space

A={A1,....2¢): A =v;(6;),i=1,...,q, 0 €O}
is a bounded subset of R?. O

In Ranneby et al. (2005), it was shown that (§1,7;1.,) and (£2,72.,) are asymptotically
independent. In the proof of weak consistency, it is sufficient with asymptotic independence
between (§1,711.,) and (&2, 12.,), implying that the covariances tend to zero. To prove strong
consistency, we need to show that the covariances are of order 1/n, and here, the conditional
approach of Schilling (1986) simplifies matters. Because we work only with the nearest neigh-
bours, we can distinguish between the following five mutually exclusive sets for various nearest
neighbour geometries of §; and &>:

Dy ={NN; = &, NNz = £}, D> = {NN; = NNz}, D3 = {NN| = £, NNz # £},

D4 ={NN; # &, NN2 = &1}, Ds = {NN; # &, NNz # &1, NN; # NNaJ.
Lemma 1. Let &1,...,&, be independent identically distributed d-vectors with distribution P
that is absolutely continuous with respect to Lebesgue measure. Then P(Dy) = O(m™") for

k=1,...,4, and thus, lim, oo P(D5) = L.

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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Proof We have P(D;) < P(NN; = &) = O@m™"). Let NN;_”') denote the nearest
neighbour of &; in the set without observation &;,. Then

P(D3) = (n —2)P(NNy = £3|]NN3 = £3) P(NN2 = £3)

<222 p(NN{™ = £ |NN, = &) = 222 P(NN{? = £3) = Lo

n—1-
Since P(D3) = P(D4) =1/(n — 1) — P(D1), obviously lim,,— oo P(Ds5) = 1. O

Observe that in Ds, §; and & have different neighbours, and they are not each other’s
neighbours. Therefore, (£1,71.,) and (§2,72.,) are conditionally independent given Ds.
Since P(Ds) — 1 according to lemma 1, asymptotic independence of (£1,71.,) and
(&2, 12.5) follows:

Lemma 2. Let £1,...,&, be independent identically distributed d-vectors with density function
g(x). Then (&1,n1.n) and (2,12 ) are asymptotically independent, that is, for any measurable
sets A1, Ao ¢ R4 x RT,

Jim_ P& ) € A1 G € 42) = [ apey) [ apey)

2. Weak consistency

In Ranneby et al. (2005), weak consistency of MSP estimates was proved for i(x) = Inx
under the assumption that g(x) belongs to the assigned model class. In this article, we give
also conditions needed for consistency to hold when the assigned model class is not necessarily
true. Because of the modified definition of the generalized MSP function S, (0), the proof of
weak consistency can be simplified. To prove weak consistency of the GMSP estimate, we need
an integrability condition that will be called W1 and W2, respectively, for the cases when the
assigned model class is true and when it is not necessarily true.

Assumption W1. Suppose g(x) belongs to the assigned model class, that is, there exists g € &
such that g(x) = fp,(x). Assume that f(fo h2(u)e " du < oco.

Assumption W2. Suppose the assigned model class is not necessarily true, that is, the density
g(x) does not have to belong to { fy(x), 8 € O}. Let 6y be the parameter value that maximizes
T(0). Assume that

EIRGra(0) > [ 120foy ()P (x.y) <0,
We can now state the main theorem of this section.

Theorem 1. Let &y, ..., &, be a sequence of independent and identically distributed (i.i.d.) vectors
in R with absolutely continuous distribution Py and density function g(x). Suppose condi-
tions CI and C2 hold. Suppose in addition that (i) W1 holds and (ii) W2 holds. Under these

assumptions, for both (i) and (ii), 6, 2 Oo.

To prove weak consistency, we will show that Sy, (6p) Zr (6p) and that T;, (M, 0) Zr (M, 0)
uniformly in 6. These two results together with the identifiability condition then imply that 6,
is a consistent estimator.

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.



Scand J Statist 42 Multivariate GMSP estimation 1097

Lemma 3. Let &1,....&, be a sequence of iid. vectors in RY with absolutely continuous
distribution Py and density function g(x).

(i) Suppose W1 holds. Then

Sa(60) = 1 3 hzrno) % [ e du.

i=1

(ii) Suppose W2 holds. Then
Sa60) % [ 3oy (NP () = T(60).

Proof. We prove (i), and the proof of (ii) is analogous. The exchangeability of z; ,,(6p) gives
that £S,,(80) = E h(z1.,(6p)) and

n—

L Covh(z1.0(60)). h(z2.n (B0))

1
Var(Sn(00)) = - Var(h(z1.1(60))) +

As z21.1(00) = nPo(By(£1)) has the following density:

—1 n—2
fora) =22 (15" u<n,

the Lebesgue dominated convergence theorem implies
oo o0
E h(z1.2(00)) —>/ hw)e ™ du, Eh*z1.,(60)) —>/ W2 w)e ¥ du.
0 0

Because n(z1,,(6p)) is a function of (¢1, 71,,), and h(z2.,(6o)), a function of (2, 72 ), it fol-
lows from lemma 2 that they are asymptotically independent. This and the convergence of the
first and second moment of (21, (69)) give that lim,— oo Cov(h(z1.,(60)), h(z2.1(00))) = 0.
Thus, the convergence of S), (fp) in probability follows by Chebyshev’s inequality.

For (ii) observe that for every n, h(z,, (6o, x,y)) < 1 + h?(z,, (60, x, y)) and

h(zn (60, X1, y1))h(zn (B0, X2, y2)) < (20 (80, X1, ¥1)) + 1 (20 (00, X2, ¥2)) -

Thus, the convergence of Eh(z1.,(60)) and E[h(z1.,(00))h(z2.,(60))] follows because of W2
by the generalized Lebesgue dominated convergence theorem. O

Lemma 4. Let £y, . .., &, be a sequence of i.i.d. vectors in RY with absolutely continuous distri-
bution Pgy. Then for any 0 € ©, T,(M, 0) 2 T (M, 0). Under condition Cl1, the convergence is
uniform in 6.

Proof. The proof is analogous to the proof of lemma 3 in Ranneby et al (2005), and will
therefore not be repeated here. O

‘We can now complete the proof of theorem 1.

Proof. Consider the case (i), the proof is analogous for (ii). To prove the consistency of én, we
apply lemma 3 and lemma 4. Consider arbitrary § > 0. Choose M (8) according to condition
C2 and consider any M > M. Define ¢ > 0 as follows:

e=T(0)— sup T(M.6). (1)
6eBc(69.8)

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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According to lemma 3, 3n1 (¢, §) such that Vn > ny,
P(1Sn(00) — T(6o)| = €/4) < §/2.

Lemma 4 implies that In, (¢, §) such that Vi > nj,
P(IT (M. 6,) — T(M.,)| > €/2) < 8/2.

Choose n3 so that ¢;, < ¢/4 forn > n3. Take n* = max{ny,nz,n3}. Then Vn > n*, the
following sequence of inequalities holds with probability larger than 1 — §:

T(00) — /2 < Sn(00) —cn < Sn(Bn) < Tu(M,By) < T(M,6,) +¢/2. )

Therefore, T(M, 6,) > T(6p) — ¢ and the identifiability condition implies that 6, € B(6p.§).
D
Thus, 6,, — 6 follows. O

3. Strong consistency

The general idea for proving strong consistency of the GMSP estimate is the same as in the
case of weak consistency. We are going to show that S, (6p) “r (6o) and that 7, (M, 0) gy
T (M, 0) uniformly in 6. This implies that there exists a null set N such that Vo € 2 \ N,
Sp(60) — T(60) and T, (M, 6,) — T(M., 8,) — 0as n — oo. Consider arbitrary § > 0 and let
& > 0 be defined asin (1). Then Yo € 2\ N there exists n* (w) such that Vn > n*, the sequence
of inequalities given in (2) holds. This implies that 6, (w) € B(6o.8) and 6, (w) — 6o. Since
this holds on a set of measure one, é,, -y 0o follows. Therefore, to prove strong consistency,
we have to show that

(M) Su(60) = % X7y h(zin(60) = T(00).
(D) Ty(M,0) = L 37 tar(zin(8)) 5 T(M,6) forany 6 € 6.

() LS 1) € Ki) S P((X.Y) € K;), with K; defined in C1.

Observe that (III) is needed for the uniform convergence of 7, (M, 8), see the proof of lemma
3 in Ranneby et al. (2005).

To prove strong consistency of the GMSP estimate, we need an additional integrability con-
dition that we call S1 and S2, respectively, for the cases when the assigned model class is true
and when it is not necessarily true.

Assumption S1. Suppose g(x) belongs to the assigned model class, that is, there exists 6y € ©
such that g(x) = fg,(x). Assume that

[e o]
/ w2 (W (u))>e *du < oo.
0
Assumption S2. Suppose the assigned model class is not necessarily true, that is, the density

g(x) does not have to belong to { fy(x), 8 € O}. Let 6y be the parameter value that maximizes
T(6), and let v, (-) be the distribution of z;_,(6p) with limit distribution v(-). Assume that

/oo w2 (W () %dv, (u) —> /Oo w2 (W () dv(u) < oo.
0 0

Theorem 2. Let £1,....&, be a sequence of i.i.d. vectors in R with absolutely continuous dis-
tribution Py and density function g(x). Suppose conditions C1 and C2 hold. Suppose in addition

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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that (i) W1 and S1 hold and (ii) W2 and S2 hold. Under these assumptions, for both (i) and (ii),

6, 3 6.

Proof. Denote every single term in the sums of (I)—(III) by %; , and let Eh; , = p,. Define
Sn, Sy and Hj, as

n n g
Sn = Zhi.n, S: = Z(htn —pn), Hp= 7"

i=1 i=1

Since pu,, converges for (I)-(I11), to prove the almost-sure convergences in (I)~(III), we need to
show that H,, 5 0in all the three cases. Write H, as

m2

1

Let Wy, = max{-1>[S; — S*,| : m?> <n < (m+ 1)?}. Then |Hy,| < |Hy2| + Wi, and it is
sufficient to show that

H,» 20 and Win 0 as m— oo 3)

To prove (3), we use the Borel-Cantelli lemma and show that for every ¢ > 0,

Var v
Y=t P(IHyp2| > 6) < Y00 —522 < oo,

EW2
Yot P(Win| > ) < 30 =5 < oo.

For this to hold, we need that Var H, = O(n~!) and E W,2 = O(n~2). Lemma 5 and theorem
3 in the succeeding texts imply that these conditions are fulfilled under the assumptions of
the theorem. O

An upper bound on Var H, and E an can be obtained through an upper bound on Var S,,.
We use the approach of Evans (2008), where the Efron-Stein jackknife inequality for the vari-
ance of symmetric statistics is used to obtain an upper bound on Var S,,. Evans (2008) uses
partly the work of Reitzner (2003) on random polytopes, where an upper bound on Var S, is
received by adding a sample point &, 41 and considering the difference between S, and Sy 4.

Lemma 5. Suppose E(3_"_,(hij.n —hin+1))?> = O(). Then Var H, = O(n~") and E W2 =
Om™2).

Proof. Since S,, is invariant under permutations of its arguments, applying the Efron-Stein
inequality to S, (Evans, 2008, p. 3180-3181) gives

1 n+1 >
Var H,, = n—zVarSn < 2 E(Sy —Sn+1)%,
where E(Sp — Sp+1)% <2E (37— (hin — h,-,,,_,_l))z + 2Eh%+1,n+l' For W,,,, we obtain
1 (m+1)2—1 (m+1)2—1
2 2
W< — 3 1S7=Sjl thus EWi<-— 37 E(S7-S7)%
J=m2+1 Jj=m2+1

For E(S,; — S:_H)z, we have
E(Sy =Sy 1)? <3E(Sp — Sn41)? +30% (i — png 1) + 31211

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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where

n 2 n 2
(n = pn+1)* = niz [E (Z(hi,n —h,-.n+1))} < nizE (Z(h,-.n —hi.n+1)) :
i=1

i=1
For (II) and (I11), Ehiz.n—l—l = O(1) is trivial, and for (I), it is implied by W1 and W2. Thus, it
follows that if E (37—, (hj n — h,-,,,+1))2 is bounded for large n, then Var H, = O(n~!") and
EW?2 = 0m2). O

To prove that E (37—, (hin — hi,,,_,_]))2 = O(1), we use exchangeability of d; , = h; , —
hint1,i = 1,...,n, and conditioning on the events {§, 41 € B, (&)} and {§,4+1 ¢ Bn (&)},
i #n+ 1.If&41 ¢ By(&), then B,41(§) = B, (&). Observe that for (a) and (b) in
the succeeding theorem, the variables d; ;, are bounded. The proof of theorem 3 is given in
the Appendix.

Theorem 3. Let £1,...,E,41 be a sequence of i.i.d. vectors in R with absolutely continuous
distribution Py and density function g(x). Let h; ,, be defined as

(a) hin=max{—M, h(z;,(0))}
(b) hin=1&,nin) € K;), where K; is defined in condition CI.
(¢) hin=hzino)) = h(nPe,(Bn(&))).

Then E (Z;’=1 (hin— hi,n+1))2 = O(1). For (c), the result holds under the additional assump-
tions W1 and S1 when the assigned model class is true, and under W2 and S2 when the assigned
model class is not necessarily true.

4. Model validation

In this section, we will show that for checking the validity of the assigned model class, it is
useful to study the behaviour of the maximum spacing function under different divergence
measures. Since 7(0) < T(6o) (with equality if and only if fy(x) = g(x) a.s.), values of S, (én)
‘much’ smaller than T'(6p) give rise to doubts about the correctness of the assigned model.
The asymptotic distribution of \/nS,, (o) can be used to obtain an indication of the assigned
model class being wrong. Since Sy (6,) > Sy (60), under /7 (Sy (60) — T(60)) ~ AsN (0, o7) it
holds that

P (Sn (én) <T(6) — 21—« %) <Pr (Sn(90) <T(6) — 21—« %) >~ o,
where 71— denotes the (1 —«)-quantile of the standard normal distribution. Therefore, values
of S, (é,,) smaller than T'(8p) — 21— 0/ +/n are unlikely to occur for large sample sizes.
In Zhou & Jammalamadaka (1993), asymptotic normality of \/nS,(6) is derived through
the convergence of the empirical process for the multivariate spacings. The asymptotic variance
is given by 07 = [ [ K(s.t)dh(s)dh(t), where

K(s,t) = et —e™571 |:1 — 5+ st —/ (eBG-tw) _ 1)dw] , 0<s<rt<oo0,
w

(s.1)

W(s,t) ={weR? :ry <|w| <ri +r2), ﬂ(s,t,w)=/ dz,
BO.,r1)NB(w.r2)

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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with r; and r» corresponding to the volumes ¢ and s of the balls B(0,r;) and B(0,r2),
respectively.

Model validation example. We are going to demonstrate how the GMSP method can be used
to discover that the assigned model class is wrong. Suppose, we believe our data come from a
bivariate normal distribution with known covariance matrix 7, that is f;,(x) € N(u, I), but
the true distribution is actually a normal mixture, so g(x) is the density of

(1 =N, 1)+ eN(no, I), €€(0,1).

Under the true model,
Jim_ ESu(uo) = Te(uo) = [ hoe™du.

Let i, denote the GMSP estimate of w, and let 1™ denote the parameter value that maximizes
the limiting function of the expected value of the GMSP function, that is, 4* maximizes

T(p) = /h(yfu(X))gz(X)e_yg(x) dxdy = Tg(jto) — a().

Thus, a(u™) presents the difference in lim,,— oo E Sy (j1,;) under the true distribution and the
assigned model class. In Table 1, the limits of the expected value of the GMSP function are
presented for the information measures hy, ho and h3 with p = 2. The parameter values
w* that minimize a(w) for iy, hp and h3 are the values that minimize the Kullback-Leibler
information measure, Jeffreys’ divergence measure and the Hellinger distance between g and
fu, respectively. For A1, the minimizing argument can be found analytically: a(u) is mini-
mized for u* = epp. For Jeffreys’ divergence and the Hellinger distance, we have minimized
a(u) numerically.

In Table 2, the values of u™* and a(u™) are presented for iy, hy and h3 in the case of five
values of o when € = 0.1. The models corresponding to different po are ordered according to
increasing deviation from the mean of the mixture part with weight 1 — €.

The conditions of asymptotic normality of Zhou & Jammalamadaka (1993) are satisfied
for g and for A1, ho and h3 of our example. The values of oy,, o5, and oy, are presented in
Table 3. We can observe that u* is always situated on the line that connects the expected values

Table 1. Limits of the expected value of the GMSP function for different information measures
hi(x)=Ihx—x+1 h(x)=(1—x)Inx h3(x) = —(1 — /x)?

T(w) —y —a(u) —1—a(u) -2+ JmT—a(w
a(w) [&in(£) [ = fu)In(£) Ve = [ fug)

Table 2. Values of w™* and a(w*) for hy, hy and hs when € = 0.1
hl h2 h3
Mo " a(n™) w* a(u™) n* a(u™)

M(1,2) (0.1,0.2) 0.058 (0.084,0.167) 0.092  (0.076,0.152)  0.018
M(2,3) (0.2,0.3) 0311 (0.126,0.188) 0411  (0.062,0.093)  0.058
M(1,4) (0.1,04) 0469 (0.058,0231) 0.592  (0.019,0.075)  0.070
M@44) (04,04) 1119  (0.205,0205) 1299  (0.011,0.011)  0.088
M(1,8) (0.1,0.8) 2.600  (0.050,0.400) 2.868  (0.0001,0.0004)  0.091

*
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of the two mixture parts and that the Hellinger distance is least sensitive to deviations from the
assigned model. When the true distribution does not belong to the assigned model, the GMSP
estimates for the different divergence measures converge to different values opposite to the sit-
uation with a correct model specification. Thus, if more than one divergence measure is used,
and there is an apparent difference between the estimates, we have an indication of a misspec-
ification of the model. A more direct indication would be to look at the value of the spacing
statistic. For large n, we expect Sy, (f1n) < T (o) — 1.640y/+/n to hold with an approximate
probability of at most 0.05 under the true model. Thus, if the considered model class is wrong
and a(u*) large enough, a(u™) > 1.640y/+/n at least, then our Sy, (f1,;) would probably be
smaller than the aforementioned bound. Therefore, the comparison of 1.64c, /+/n with a(u™)
for different n can indicate what sample sizes are needed to give us a possibility to detect vio-
lations from the assumed model class under different information measures. Comparing the
values in Table 2 and Table 3, we can see that for 47 and k5, the sample size n = 100 would
be enough to make it possible to detect a misspecification for all the models except M(1,2). For
the Hellinger divergence, larger sample sizes are needed. To discover a small deviation like in
model M(1,2), even the sample size n = 400 would not be enough. The comparisons are based
on the asymptotic distributions, although the situation may be different for small and moderate
sample sizes.

To illustrate how this theoretical reasoning based on asymptotics works in practice, we per-
formed the following simulation study. For every model in Table 2 and in addition for the true
model, we generated one hundred data sets of size n = 100. For every data set, we calculated
the parameter estimate /i and the value of the spacing function Sjoo(t) under 41, h> and hs.
In Table 4, the mean values of /i for each model are presented. Columns ‘< b;’ give the number
of data sets with the value of the spacing function lower than b; = Tg (o) — 0.1640y,. Model
M(0,0) stands for the true model. The simulation study confirms that for #; and /4> and mod-
els M(2,3)-M(1,8), there is a fair chance to detect the misspecification. We can also see that
when the model is correct, the GMSP estimates based on the different information measures
are close to each other, while the difference between them increases with increasing deviation

Table 3. Values of 1.640,//n for information measures h,
hy and hs for different sample sizes n

n op =1.0977 op, = 1.6904 0p, = 0.3540

100 0.180 0.277 0.058
200 0.127 0.196 0.041
400 0.090 0.139 0.029
Table 4. Results from the simulation study withn = 100. Here, by = —0.757, b, = —1.277
and bz = —0.286
h] h2 h3
no mean(j1) < by mean({L) < by mean(/1) < b3
M(0,0)  (0.009, 0.005) 4 (0.008, 0.008) 3 (0.007, 0.009) 2
M(1,2) (0.086,0.168) 8  (0.077,0.143) 8 (0.073,0.132) 8

M(2,3)  (0.210,0.281) 61  (0.150,0.179) 54 (0.085, 0.083) 31
M(1,4) (0.109,0.396) 80  (0.079,0.255) 72 (0.036, 0.095) 39
M,4)  (0.421,0426) 99 (0.253,0.254) 95 (0.034, 0.024) 56
M(1,8) (0.086,0.879) 100  (0.037,0.537) 100  (—0.042,0.030) 61
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from the true model. Furthermore, it is obvious that the Hellinger distance is robust against
the studied misspecifications.

It can be concluded that to detect deviations from the assigned model, preferably spacing
functions based both on the Kullback-Leibler information and the Hellinger distance should
be used, and the values of the spacing functions as well as the parameter estimates should
be compared.
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Appendix

Lemma 6. The density function of z1,,41(0) for arbitrary 6 € © ( fg # g)isfor0 <u <n+1
given by

B esETney " gx) n
0,u) = | — Lottt dx 4
vnt1(6.) /g“‘)( nt1 Jo @) +en(yn+17 @

where £,(x) — 0asn — oo.
Proof. We start with deriving the distribution function of z1 ;41 (6):

PG1ms1(6) > u) = /g(x)P (1 + 1) Po(B(x. Rus1 (1)) > u) dx.

Observe that (n + 1)Po(B(x, Rp4+1(1))) > wu holds if and only if all the observations
&, ..., En+1 fall outside the ball B(x, r,(0)), where r, (6) satisfies Pg(B(x,r,(0))) = u/(n +
1). Recall that Py denotes the probability measure for the true distribution. The Lebesgue-
Besicovitch differentiation theorem (Evans & Gariepy, 1992, p. 43) gives

1 dPy Jo(x)

dPg
. 256 ())dPy — 20 (x) = .
PoBG. @) Jacernion dPo 20 apy ™ = o)

Thus, we obtain

g(x)
n+1 fo(x) +8n(x)7

where &, (x) — 0. Therefore,
Perrn® >0 = [ ¢0o) (1—nilf9(xffln(x)) dx

Differentiation under the integral sign gives the density function in (4). An application of the
Fubini-Tonelli theorem verifies that v, 4 (6, v) is a density function for z1 ,+1(6). O

Po(B(x.r4(6)) =

Let A; € R? and b, b and b5 be positive constants.

Lemma 7. Consider K; , = A; x [n”?b,b]. Then

P((61.m.n) € K1n) = O™ ). %)

Proof Let V~1(y/n) denote the radius of the ball with volume y/n. Note that the volume
of the nearest neighbour ball B, (&) for fixed £ = x exceeds y/n if and only if none of the
variables £, ..., &, falls in the ball B(x, V= (y/n)). Thus we obtain:

nP((E1.m.n) € Kin) = n/ _P@lIBaEDI € [57b. bl 161 = x)g(x) dx

XEA]

= [ (1= o v GO =11 = PGB VT G g d

Let z1 = Po(B(x, V_l(n_”H ))) and zo = Po(B(x, V_l(%))). Denote the radii of the balls

with volume nL_H and % with r); and r,, respectively. Then for some Z € [z1, z2],

I—z)" ' =1 =z)" ' === D1 -2)""2(z1 —22) < (n — D)(z2 — 21).
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According to Lusin’s theorem (see e.g. p. 15 in Evans & Gariepy, 1992), we can choose the set
Aj so that it is compact and g is continuous on A;. Thus, g(x) < ¢ on A; for some ¢ > 0, and
we have for n large enough that

22— 21 =/ g(y)dy —/ g(y)dy =f g(y)dy
B(x.rn) B(x.ry) B(x.rn)NBC(x,ry)

bc
K[| — b b _
<cl||B(x,rn) N Bc(x,rn)H =c (E - m) = m
Thus, it follows that nP((§1,11.n) € K;.n) < bc fxeA? g(x)dx < bc. O
Lemma 8. Let K; , = A7 % I:HL-I-lbl’bl:I U I:nL-l-le’bz:I' Then
P((€1.11.n) € K1 (E2.12.0) € K1) = O(n™?). (6)
Proof. Consider the five mutually exclusive nearest neighbour relationships Dy,..., D5 onp. 4.

The probability in (6) can then be written as

5

> P((1.m.n) € Kin. (§2.12.0) € Kin | D) P(Dy). (7)
k=1

Note that each conditional probability in (7) denotes the common value of the respective prob-
ability in the group. Consider the conditional probability for Dy, the cases D, D3, D4 are
analogous. Since £1, ..., &, are exchangeable,

P((¢1.11.n) € Ki o 62.m2.n) € Ky 1 D1) < P((§1.m1.1) € Ky s | D1)

= P((1.m.n) € K;» INNy = &) = P((51,m.n) € Ki.n).
For Ds, the conditional independence of (£1, 1 ,,) and (&2, n2.,) and exchangeability imply
P((1,n1.0) € Kin,(§2,m2.n) € Kin | D5) = P((51,01.0) € K1.n) P((2,M2.0) € Ky n).

According to lemma 1, P(Dg) = O®m™Y), k = 1,...,4. This and lemma 7 together
imply (6). O

Lemma9. Let £y, ..., E,41 be a sequence of i.i.d. vectors in RY with density g(x). Suppose that
(i) SI holds and (ii) S2 holds. Then for both (i) and (ii),

EhGA2in+1(00) — h(zi n+1(60)))* = O ™2).

Proof. We prove the statement for (i), the idea of the proof is the same for (ii). Let b; =
h(zZin+1000)) — h(,,"ﬁZi,n—H (60)). Because the density of z; ,41(fo) is under the true model
given by

n—1
fomn@ = A (1= 345) . wsn+1,

we obtain

2
+1 -
ED} = iy Jo 1 (oo = () ) (= ) =

© 2015 Board of the Foundation of the Scandinavian Journal of Statistics.
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Let 2”_ and hl—i— denote the left and right derivative of &, respectively. Because / is concave, the
following sequence of inequalities holds Vu € (0,n + 1):
hw) = () _

W) < W) < =0 < W (u) < WG,
n+1

Because £ has its maximum at u = 1, A’ (and h;) is positive when u# < 1 and negative when
u > 1. Thus, the following relationships hold:

h(u) — h(-2 2 (h/_(niu))z, if u<l,
QOB G G + 0. i 1= < 2L

n+1)2 (h_(u))?, if u> 2t

Therefore,

1 2 _ 1 2 n—1
1= o Gt (G20 = gt [ G )2 (1= )

1,2 _ 1 2 _
= o S0 @)2(1 = 2y L gz [ 0 ()2 (1 - ) du,

Because a concave function is differentiable almost everywhere, we obtain

Al <k o T e @) (- ) . @®)

The last integral converges by the Lebesgue dominated convergence theorem to
JoZ u?(h'(u))>e™*du as n — oo. Thus, it follows that Eb? = O(n~2).

For (ii), the density of z; ,41(60) is given by v, 41(fo, ) in lemma 6. The required conver-
gence in (8) follows because of the generalized Lebesgue dominated convergence theorem and
assumption S2. O

Proof of theorem 3.

Proof.
(a) Letd; , = hin —hin41 and d;fn =hjn— max{—M,h(”;l"lz,,',n(G))}. By exchange-
ability, EQQ_7_, din)? = nEdlzJZ +n(n —1)E(dy nd2.n). Therefore, we need to show
that Edlz’n =Om YYand E(d) nd2.n) = O(n—2). Observe that Ed12,11 <2ME|d; p|.

Denote the event {{,+1 € B, (§1)} by Dy 4+1(61), then

Eldin| = E[ldin [1Dnt1EDIP(Dpy1(61) + Elldinl | Djyy EDIP(Dy 4 (51))

<2M/n + E|d} .

Let un(x) denote the probability measure of z1,,(6). Because & is concave, there exist
My, M> > 0, M < M>, such that A~ (—M) = My and h—'(—=M) = M>. Let L
denote the Lipschitz constant of max{—M, h(x)}. Then

M>
Bldf | = [ Imaxt=M. 7o) — maxt=M. b0} dion () < S22 9)

Thus, Edlz.n = On™") follows.
To calculate E|d; ,d> |, consider the following mutually exclusive events:

J1 ={n+1 € Bn(61), Ent1 € Bn(62)}, J2 ={&n+1 € Bu(§1), Ent1 € Bn(62)},

J3 = {En—l—l € Bn(él), sn—i-l ¢ Bn(éZ)}, Ja = {$n+1 ¢ Bn(fl% En—l—l ¢ Bn(%—Z)}'
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Then E|d1'nd2.n| = 22=] E[|d1,nd2'n| | Jk]P(Jk). Because P(NN] = NN2) =
Om™1), we have P(J1) = O(n~2). Because P (41 € By(£1)) = 1/n, fork = 2,3, it
holds that P(Jx) < 1/n . Observe that

E[|dy nd>.n|| 2] < 2ME[|d1 n|| J2] = 2ME|d} | = O(n™").

Analogously, E[|d1 nd2.n|| J3] = O(m™Y). For Jy, E[|d1 nda.n|| Ja] = Eldf,d; I
Let 5 (x, ¥) denote the probability measure of (21 ,,(6), z2.,(0)). Then analogously to
(9). we obtain E|d}", d5 | < L3, M3 /n*. Thus, E|di nda n| = O(n~?) follows.

(b) Here h; , is the indicator function 1((¢;,n; ,) € K;), where n; , = n||B,(&;)|| and
K; = A; x[b;.1,b;2]. Let again d; , = h; , — hi n+1. Because of the exchangeability
property, we again need to study only Edlz’n and E|dy nd2 |- Observe that |d; ,| =1
only in the following cases:

(la) &1 € Ay, nin € 101101 2] Mnt1 < bias
Dhin=1 hipp1 =0 & : 191 . .
(1) k1. Lkt {(”?) §1 € A1, 1 € [br1.b12]s N1n+1 > by 2;

(2a) & € A1, min <br1, Mn+1 € [b1.1, b1 2],
2) h =0, h =1 << : : ’ s s
@ 1 =0 {(219) §1€ Ar. > bia. Mt € it byl

If é,41 ¢ Bn(£1), then B, (§1) = Bp+1(§1) and 01, < 11.n41. Thus, in this case,
events (la) and (2b) are impossible. Observe that under the condition &,4+1 ¢ B, (£1),
(1b) and (2a) can be jointly written as

(1.m.n) € Kip,  where Ky = A X [357b1,1.b1,1] U 57612612

As in (a), we can condition on D, (£1). Then

Ed}, = E[d}, | Dug1(EDIP(Dug1(1) + E[d, | DS EDIP(DS 41 (61))

<Un+P(ELmn) €Ki | Doy (D) = Un+ P(Ema) € Kip) 2 0.

To calculate E|dy_,d> |, condition again on Jy, ..., J4. Because P(J;) = O(n~2) and
|d1.nd> | < 1, we need to consider E[|d1.nd2.n|| Jx] for k = 2,3, 4, where the cases
k =2 and k = 3 are analogous. We have

Elldy nd2 nl|J2] < Elld1.nl|J2] = P((E1.11.0) € Kin | J2)

®

= P(E1.m.0) € K1) = O™,

Elldi.nd2.nl|Jal = P((51.11.n) € Kin, (52.12.n) € K1 n | J4)

= P((E1.M1.n) € Kin (E2oman) € Kiw) € O2).

Because P(J2) < 1/nand P(J3) < 1/n, E|d| nda.n| = O(n~?) follows.
(©) Here, hiy = h(zi n(60)) = h(nPgy(Bn(§:))). Write hi  — hi 1 as

hin —hins1 = (hin —hint1) + (hint1 —hint1) = ai + by,
where ;1 = h(5452i.n41(00)) = h(nPgy(Bpt1(&))). Then
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(2<>)(z)(z)

i=1 i=l1

We are going to show that the expectation of both terms in the previous sum is bounded
above for large n. Consider the situation when adding a sample point. If &, 41 ¢ B, (&),
then B, (&) = B,+1(§;) and a; = 0. Let M,; 41 be the stochastic set containing the
indices of the sample points, which have the new point &,, 11 as the nearest neighbour:
My+1 ={i : &+1 € Bn(§)}. According to lemma 4.2 in Evans (2008), &,41 can
be the nearest neighbour of at most 8 = |27%/2/ I'(d/2)| points of the set. Thus, the
Cauchy-Schwarz inequality implies that for a fixed w € £2,

2

(zn:ai)zz 2. a) = )1 ) a?sﬁzn:a,?.

i=1 iEMyt1(®) iEMyt1(w) €Myt (w) i=1

Since this holds for every w, we have E (}_7_, a[)z <BYi_, Ea?. But

2 -
Ea} < = [ EM? 641 € Bu(6) + EG7 1 En+1 € Bu(6) |

= 2[E07,) + EChi 1)

where the last equality holds because hl.zg ,, 1s determined by &1,. .., &, and is thus inde-
pendent of &,41, and because of exchangeability of z; ,4+1(60), i = 1,....,n + 1.
Under the assumptions of the theorem, lim;, oo E h%’ n
limy; — oo Eﬁlzn 1 (follows because of the expression of the density for z; ,(6o), see
the proof of lemma 9), E (37, a[)2 = O(1) follows. For (}_7_, b;)?, applying the
Cauchy-Schwarz inequality and lemma 9 gives

< o0. Since lim;, 00 Eh?, =

n 2
E (Z b,-) <nEb? +n(n — 1)(Eb?)V2(ED3)/? = O(1).

i=1
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