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We consider an ill-posed equation in a Hilbert space with a noisy operator and
a noisy right-hand side. The noise level information is given in a general form,
as a norm of a certain operator applied to the noise. We derive the monotone
error rule (ME-rule) for the choice of the regularization parameter in many
methods, giving parameter such that the error is monotonically increasing for
larger parameters in the Tikhonov method and for smaller stopping indices in
iteration methods. Regularization methods considered include Y -scale regulariza-
tion in (iterated) Tikhonov method and in iteration methods (Landweber method,
CG type methods, semi-iterative methods). We also consider modifications of
the ME-rule and show in numerical experiments (test problems from Hansen’s
Regularization Toolbox, including the sideways heat equation) their advantages
over the discrepancy principle.

Keywords: ill-posed problems; regularization methods; iteration methods;
parameter choice; monotone error

AMS Subject Classifications: 47A52; 65J20; 65J10

1. Introduction

In this paper, we consider linear ill-posed problems
Aox = Yo, Yo € R(A), )

where Ay is a bounded linear operator with non-closed range R(A) and X, Y are infinite-
dimensional real Hilbert spaces with inner products (-, -) and norms || - ||. We are interested
in the minimum-norm solution x* of problem (1) and assume that instead of exact data yo
and A, there are given noisy datay € Y and A € £L(X, Y) with

yo =yl =8, Ao — Al < h 2

and known noise levels 8, h. Later, we also consider the case of noise level information in
more general form (4).
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Ill-posed problems (1) arise in a wide variety of problems in applied sciences. For their
stable numerical solution, regularization methods are necessary, see [1,2]. Regularization
methods include Tikhonov regularization x, = (A*A + r~'1)~! A*y with regularization
parameterr € R, and iterative and projection methods, where the stoppingindexr = n € N
is the regularization parameter. Here, A* € L(Y, X) is the adjoint operator to A € L(X, Y).
Traditional regularization methods possess the property that in the case of exact data, the
error ||x9 — xT|| of regularized solution x9 , as a function of r, is monotonically decreasing
for r — o0o. This property is no longer true for the error ||x, — x| in the case of noisy data.
The monotone decrease of the error || x, — x'|| for growing r-values can only be guaranteed
for small r. Typically, ||lx, — x| diverges for r — oo. Therefore, a rule for the proper
choice of the regularization parameter r is necessary.

In the monotone error rule (ME-rule) for choosing a proper regularization parameter, the
idea consists in searching for the largest computable regularization parameter r = ryg for
which we can guarantee the ME-property: the error | x, — x || is monotonically decreasing
forr € (0, rye]. For the continuous regularization methods, this means that

—lx, —x"I* <0 Vre (0, rvEl
dr
for the iteration methods and other methods with » = n € N this means that
lxn — x| < llxam1 —xTII Yn=1,2, ..., nue. 3)

From derivation of the ME-rule for concrete regularization methods, one can see for
which perturbations of the operator and the right-hand side, the ME-rule gives the optimal
regularization parameter.

Consider now the case of the exact operator. In theoretical works on ill-posed problems,
often the worst-case error sup{|| x, —xT|:y ey, Ax" = yo, ||y — yoll < 8} is considered.
Here, the exact data yg are fixed, supremum is over noisy data y € Y. In applications, the
exact data yo are unknown and noisy data y are known. Then, we are interested in finding
the parameter » which minimizes the analogue of the worst-case error sup{|lx, — x| : y €
Y, Ax =y, ||y — y|| <3}, where given data y are fixed, supremum is over “candidates of
exactdata” y € Y. This analogue of the worst-case error is minimized by the parameter rvg.
This can be seen from derivation of the ME-rule for concrete regularization methods: for
r € (0, rMg], the error ||x, — x|| is decreasing for all “candidates of exact data” y € Y with
Ax =y, butfor r > ryE there exists y € ¥ with Ax = y where [|x, — x|| > [[Xyyz — x|

All regularization methods considered in this paper have the property x, € R(A¥)
because we need this property for the formulation of the ME rule.

The ME-rule was proposed and studied for continuous methods in [3-8], for iterative
methods in [4,7,8], analogous rules were proposed in [9,10]. In this paper, we extend these
results in the following directions: we consider the case of noisy operator (2 > 0), the
noise level information may be given in general form (4), we derive the ME-rule for a more
general class of regularization methods (including the regularization in Y -scale,[11] also for
iterative and semi-iterative methods). We also give convergence results and error estimates
for the ME-rule.

In practical applications, often different regularization parameters are selected and the
corresponding regularized solutions are studied online. With our ME-rule, we provide some
help for the selection of suitable values of r, since we can guarantee that for r < ryg always
1XryE — x¥ < Ilx- = xT|| holds. This information may also be used for improving other
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a posteriori rules R for the choice of the regularization parameter, since the error for the
parameter max(rg, rMg) iS less than or equal to the error in rule R. Unfortunately, this
observation does not help to improve the discrepancy principle, which gives the parameter
rp > rME, and for a smooth solution rp is often too large in regularization methods with
the finite qualification. In (iterated) Tikhonov method, the ME-rule is in contrast to the
discrepancy principle a quasi-optimal parameter choice.

Note that typically the error of the regularized solution decreases monotonically also,
somewhat further up to some ropy > rvE. Our numerical experiments suggest to use rmge =
crmg (or its integer part) with a certain ¢ > 1.

The plan of this paper is as follows. In Sections 2 and 3, well-known regularization
methods and parameter choice rules are introduced, using noise-level information (4). In
Sections 4 and 5, the ME-rule is derived for the continouous regularization methods and for
the iterative methods, respectively. In Section 6 convergence conditions and quasioptimality
results of the ME-rule are given. The paper is finished by extensive numerical experiments.

2. Well-known regularization methods in Y -scale

We assume that the noise level information is given in the form
Do = Il <8, I1D(Ao — A)ll < h. “4)

where D is a linear injective, possibly unbounded operator in ¥ with domain D(D). We
assume that yp, y € D(D). The standard case (2) is special case with D = I, where [ is the
identity operator. In [12], the operator D = L~" with t € R was used. Here, the operator
L is a densely defined, unbounded, self-adjoint and strictly positive operator in the space
Y, inducing Hilbert scale Y with norm || y||s := ||[L®y]|. In the standard case (2), t = 0.
The case t < 0 corresponds to large noise, the case ¢t > 0 to small noise. The noise-level
information (4) with different operators D (only the case & = 0 was considered) was used
in works.[13-16]

In many papers, X;-scale is considered with the generating operator L in the space
X, the equation Ax = y is transformed to the equation L™> A*Ax = L™>A*y and the
regularized solutions are constructed in the form x, = g,(L™>A*A)L ™2 A*y. Here, r is
the regularization parameter and the function g, (A) satisfies the conditions

sup [Vigr ()| < vavr, 120, 5)
0<A<A
sup AP [1—AgrM <ypr—", r=0, 0<p=<po. ©)

0<A<A

Here, po, ys and y, are positive constants, A is at least the norm of the operator in the
argument of the function g,, yp = 1 and the greatest value of pg, for which the inequality
(6) holds is called the qualification of the method. We can formulate the ME rule for choice
of parameter r only for regularized solutions x, € R(A*). Therefore, we prefer to use
the Y-scale instead of X scale. The Y-scale regularization was proposed by Egger [11,12].
Here, the equation Ax = y is transformed into the equation

Bx=y, B=L"°A, y=L"y,
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assuming B : X — Y isbounded and y € Y. If s > O this is always satisfied; if s < 0, this
means that R(A) € Y_; and y € Y_;. The regularized solutions are constructed in the form

Xr = gr(B*B)B*y = B*gr(BB*))_) =A"w,, w,= L_Xgr(BB*))_" (7

Special cases of regularization methods of this form are the following well-known
methods (cf. [1,2,17]).

(M1) The Tikhonov method x, = (af + B*B)~'B*j . Here, r = o', g,(A) =
A +r D po =1y =1/2,yp = pP(1 = p)' 7.

(M2) Iterative variants of the Tikhonov method. Let m € N, m > 1, xp,, € X — initial
approximation and

Xno = (@] + B*B) Nax,_1.4 + B*y) (n=1,2,...,m).

1 1 "
-1
Here r = a7, g-(A) = X(l_<1+—rk> ), pPo = m, Yx = M, Yp =
G =)
m m '
(M3) Explicit iteration scheme (Landweber’s method). Let xo = 0,

Xp =Xp—1 — w(B*Bxy—1 —y), ne(0,1/B*Bl), n=12,...

1 P\’
Here’ r=n, gr()\,) = x (1 — (1 — ,bL)\,)r), pPo = oo, Vs = \/ﬁv y[? = (E) .

(M4) Implicit iteration scheme. Let « > 0 be a constant, xo = 0 and

xp = (@l + B*B) Nax,—1 + B*y), n=1,2,...

1 a \" bo
Here, r = n, g,(A) = n (1 — <oz+k> > pPo = OO, Vi = ﬁ’ where by =

sup A71/2 (1 —e™*) ~0.6382and y, = (ap)”.
O<i<oo
(M5) The method of asymptotical regularization: approximation x, solves the Cauchy
problem
x'(r) + B*Bx(r) = B*y, x(0)=0.
1 _
Here, g- (1) = T (1—e ™), po = 00, s = bo, vp = (p/e)”.

In the iterated Tikhonov method, we may use different parameter «,, at every iteration
step n; then, we get the same approximation as in the extrapolated Tikhonov method [18,19]

m m
Z aj
Xay,.,am — CiXa; s Ci = l_[ ] = ®)
i=1 =1 % T
e
where x4, i = 1, ..., m are the approximations of Tikhonov method with the

parameters «; .
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Note that regularized solutions in X-scales and Y-scales variants of Tikhonov method
have the form

Xog = (@] + L™XA*A) L2 A%y, Xo = (@l + A*L™2A)TA* L™y, (9)
and they minimize the corresponding functionals
IAx = I+ «llLxI1P, L5 (Ax — I +ellx])*.

If the operator L acts in both spaces X and Y and the operators A* and L commute, then
these regularized approximations coincide. Much more widespread of these two approxi-
mations is the first one (cf.[20]). For the operators L and L~ one may use, for example,
the differentiation and integration operators. The fractional powers L® and L™° can be
implemented efficiently, e.g. via FFT or multi-level techniques.

Positive values of s are good for delaying saturation in Tikhonov and iterated Tikhonov
methods,[12] negative values of s are good for preconditioning in the iteration methods that
drastically decreases the number of iteration steps.[11]

3. Well-known rules for choice of the regularization parameter

For the choice of the regularization parameter in any regularization method under noise
information (4), some estimate or approximation of value || D(y — Ax")| is needed. This
value may be estimated as follows:

ID(y — AxD)|| = ID(y — yo + (Ag — AxD)|| <8+ hlx"| = A (10)

Typically, the exact value of ||x || is unknown. Substitution of ||x'| by some upper bound
M > ||x7|| gives arough estimate || D(y — Ax")|| < §4+hM =: A,.If an upper bound M is
not available, approximation of || D(y — Ax")|| by A3 := 8 + h||x¢| (in iteration methods
A3 =6 + h||x,]||) may be used.

In the following, we formulate some a posteriori rules for choosing the regularization
parameter which use A € {A1, A, Az} and are well known in the case D = I, s = 0. We
assume R(AA*) C D(D).

(1) Discrepancy principle.[1,2,17,21] In the continuous regularization methods, this
principle (D principle) chooses the parameter « = ap as the solution of the equation

dp(@) := |D(y — Axg)|| = CA with C>1. (11)

In iteration methods, the discrepancy principle finds np as the first index for which
[D(y — Axn)| = CA.

(2) Modified discrepancy principle.[22] In this rule for the methods M1, M2, the
parameter ¢ = ap is chosen as the solution of the equation

dwp(@) = | DL (I = gu (BB BB /M L7 (y — Ax,)

—CA (12

with C > 1, assuming Y_; C D(D) (if D = L~ then a sufficient condition is
s > t). Here, pg is the qualification of the regularization method, see (6). One may
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use also the alternative MD’ rule

dyipy (@) = (D(y — Axg), DL*(I — go(BB*)BB*)'/POL™5(y — Axe))'/? = CA.
(13)

In case D = L~*, the functions dyp (o) and dypy () coincide. For regularization methods
with pp = oo, both these forms of the modified discrepancy principle coincide with the
discrepancy principle.

4. ME-rule for the continuous regularization methods
4.1. Derivation of the ME-rule

Let us consider the ME-rule for the continuous regularization methods. The prominent
example of these methods is Tikhonov method where the regularization parameter is tradi-
tionally denoted by «. Therefore, in this section we use notation &« = 1/r instead of r. We
assume that the corresponding function g, (1) is differentiable with respect to «.

Let us consider the regularized approximation

Xo = AWy, o = iwa €Y, (14)
do
assuming that z, € D(D~H*). An example of a regularized approximation of this form is
the approximation x, = A*wy with wy = L™°g,(BB*)y from (7). The reformulation of
the general idea of ME-rule in terms of « = 1/r means: search in the approximation xy for
the smallest computable regularization parameter &« = amg for which we can guarantee
that

d
d—||xa —x"12>0 forall o € [amg, 00). (15)
(0%

In order to guarantee this property, we estimate the derivative of the squared error
lxe — xT[|? with respect to « under condition (10) as follows:

1d n _
5 30 e —xT1? = (g — xT, A%24) = (D(Axg —y +y — AxT),  (D7H*zy)
— (Axy - Za) +
> (D™ zl (——(8+h||x ). (16)
T ND Dzl

This estimate leads us to following ME-rule for the continuous regularization method (14).
ME rule. Choose a = apg as the largest solution of the equation

(Axe = ¥,20) _
[(D~1)*z4 ||
with A € {Ay, Ay}. If dyg(a) > A for all @ > 0 take amg = 0. If dyvig(o) < A for all

a > 0 take x, = O (it corresponds to @ = aymg = 00). For regularized approximation (7),
this equation has the form

dvg (o) = (17

d -
A =y, L™ —g(BB)L™y)

|

dmg (o) = = A. (18)

p-1y1-s Lo (BB
(D7) daga( )L™y
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Here, the assumption z, € D((D~1)*) is satisfied if Yy € D((D~1)*).

Note that for A = A3, the ME-property is not guaranteed but quasi-optimality retains
(see Theorem 6.3). However, A = A3 does not need the norm of the exact solution or a
bound of it and in practice may give better results than A € {A}, Az}.

From definition of dyg (o) follows the inequality dyg(«) < [|D(y — Axy) ||, therefore
ap < apmg if C = 1 in the discrepancy principle. The derivation of the ME-rule in (16)
uses only one inequality, which turns to the equality in the case

S+ Al
I(D=H*za ||

Therefore, in this case the ME-rule gives the optimal parameter, if the equation (18) has a
unique solution.

y— Ax' = (D*D)"z,.

4.2. ME-rule and modifications for the (iterated) Tikhonov regularization

Let xo = 0. Let p;,  denote the discrepancy of the (iterated) Tikhonov approximation
Xo = Xm,a»> 1.€. Pm,a = Y — AXp o
Using the identities

1= agah) = (=2 "o =22 "
Balt) = A+ an dozga AV

we obtain
L™ pma =9 — Bxma = [l — BB*go(BB*)]j = [(BB* +al)~'1"}

and
d _ m o _
aga(BB*)y = _a_ZL  Pmt1,a-

From these representations and from (18), we conclude that the functions dyp(«) in (13)
and dvg (@) for the MD’- and ME-rules have the form

(om, > L_2XPm+l,ot)
”(Dil )*Lizspm—&—l,a I

Inthe case D = I, h = s = 0, convergence and order optimal error estimates for (iterated)
Tikhonov method are proved in the case of MD’-rule in [5,22,23] and in the case of ME-rule
in [3,5,6,8,24].

One may also use an analog of the ME-rule with the function

1/2
v (@) = (Dpma» Dpms1.q)"> and  dys(a) = (19)

(me,a» me+l,0l)
| Dom+1,al

dmEa (@) = (20)
which coincides with ME-rule in the case D = L™5.

Consider now some modifications of the ME-rule. We know from (15) that ayge >
Qopt := argmin{||x,, o —xT|l, @ = 0}. Tt means that typically somewhat a smaller parameter
aMg/c with proper ¢ > 1 is better parameter than apg. Forcase D = I, h = s = 0 we
optimized the value of ¢ (and other constants below) in extensive numerical experiments
and recommend the estimated parameter ayge = amg/2.3. Note that in the case of rough
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estimate of the noise level, better rules than the ME-rule and the discrepancy principle are
rules from the recently derived family of rules,[25] see also [26-29].

In the extrapolated Tikhonov method (8) x4 := Xq4;.....a,,» One may use the logarithmi-
cally uniform mesh of parameters a,, = ag™~"*D/2 n =1,...,m;q < 1 and to choose
a by the same rules as in the iterated Tikhonov method.

Note that in [30], an analog of ME-rule in case D = I, h = s = 0 was proposed for
the (m > 1 times iterated) Lavrentiev method, finding the parameter @ = ovg, as solution
of the equation ||,0m+1‘a||2/ lom+2.«ll < Cnd, where C; = 1.55, C» = 1.6. Numerical
experiments in [30,31] showed that with this parameter choice, the error of regularized
solution was in average only 5% larger (in modifications of this rule 3% larger) than with
optimal parameter. Note also that several other analogs of ME-rule for the (m > 1 times
iterated) Lavrentiev method were proposed and analysed in [32].

4.3. ME-rule for asymptotical regularization

In this regularization method, the regularized solution is given by x, as the solution of the
initial value problem

d
ax(r) +B*Bx(t)=B*y for O0<t<r, x(0)=0
with = 1/a. In this method, we have gy (1) = (1 — e */®) / 1. Using the identities

d L e 1

aga(?») =3¢ = _a_Z(l — Aga ()

we obtain for the method of asymptotical regularization

(Axy — y, L_ZS(Axoc - )
(D=1H*L=% (Axg — )|

dvg(a) =

In the case s = 0 and D = I, the ME-rule coincides with the discrepancy principle for
which convergence and order optimal error estimates are well known (cf. [1,2,8,17]).

5. ME-rule for iterative regularization methods
5.1. Derivation of the ME-rule
For solving ill-posed problems (1), we now consider iteration methods of the general form

Xp=Xp—1 +A% 21, n=12,... (21)

with z,, € Y. The elements z,, characterize the special iteration method. We assume that z,, €
DD~ H*). Simple iteration methods are explicit iteration scheme (Landweber method)
M3 with z, = L= p,, n € (0, 1/||B*B])) and implicit iteration scheme M4 with z,, =
L™l +BB*") 'L™p, =a 'L ™ p,11,a > 0, where p, = y — Ax,,.

In the monotone error rule (ME-rule), we search for a largest computable iteration
number nyg for which the monotonicity property (3)

Iy —xT < llxy—y — x| forall n=1,2,...,nue (22)
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can be guaranteed. Exploiting (21) and (10), we obtain

xn41 = X1 = llxw — xT1? = otw + A%z — 2717 — [y — 27|
=20, — x', A*z) + A%z
= 2(D(Axn — y0), (D™ H*z4) + | A*za|?
=2(D(y — Ax" = pp), (D™)*2,) + | A%zl
<200 * 2|8 + hlIx ") — 2(pn, 20) + |A* 20|12
=: D(z,). (23)

This estimate leads us to the following ME-rule for iteration methods (21).
ME rule. Choose nypg as the first index n satisfying

2(pns 2n) _1 ||A*Zn||2 <A
2[(D™ )zl

dvg(n) = (24
with A € {Ay, As}.

The derivation of the ME-rule in (22) uses only one inequality, which turns to the
equality in the case

y—Axt = Skl
[(D=1)*z, ||

Therefore, in this case the ME-rule gives the optimal parameter.

Note that for A = A3z, the ME-property is not guaranteed but for certain methods
it is known that quasi-optimality still holds (see Theorem 6.3). However, typically the
monotonicity of error also holds up to somewhat larger iteration numbers, hence A = A3
may also give better results than A € {Ay, Aj}.

From definition of dyig(n) follows the inequality dvge(n) < || Dpn|| = dp(n).

Due to equality p,+1 = p, — AA™z,, the function dyg(n) may be presented also in
forms

(D*D)"'z,.

(on 4 Pat1520)  2(Pnt15 20) + 1A% 20l
21Dzl 21Dzl
Inequalities (23), (24) may be used:

dvie(n) = (25)

(a) for stopping iterations (21), if for the first time dyg(n) < A;

(b) for choosing z,;, minimizing the function ®(z,) in error estimate (23) (for example
choosing steplength p in (26));

(c) forusing several iteration methods switching from some faster method (for example
CGLS) to a slower method (for example Landweber method): if inequality (23) does
not guarantee decrease of error in the fast method, the accuracy of this approximation
may be further increased by a slower method.

5.2. ME-rule in gradient-type methods

Let us consider gradient-type methods of the form (21) with z,, = ,unL_ZS On, Where p, =
y — Axy is the discrepancy and p,, > 0 is some properly chosen stepsize:

Xn = Xno1 + Un1 AL (y — Axp1), n=1,2,... (26)
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Special cases of method (26) are the Landwebgr method with u, = u € (0, 1/||B*B]|),
1L pull

————— and the steepest descent method with
| A*L=25 p, |2

the minimal error method with w,, =
A L

Hr L AAT L p, 7

Here, the ME-function (25) has the form

(pn + Pnt1, L_2S/0n)

2D~ L2 pal|

The estimate (23) which led us to the ME-rule can also be exploited for finding stepsizes
Mn > 0 in iteration methods (26) which guarantee that x,, is a better approximation for
xT than x,,. Here, the stepsize 1, may not only depend on y but also on the noise level A.
Exploiting z, = wnL =% p,, the estimate (23) obtains form

dvge(n) =

I — X717 = xn = x 12 < 20 (DS T L™ 00 | A — 1L plI?) + 2 I A* L™ oy |1
Q27
Therefore, x,,+1 is a better approximation for xt than x,,, if
201L5 pull> = 1(D*) "L p, | A)
| A*L=25 p,||2 '

__ Iz
1D L0,

0<u, <

Minimizing the right-hand side of (27) with respect to u,, yields
LTl = I(DF) L pu | A
|A*L=25 p, ||

Substituting into (27) shows that for this stepsize, the improvement of the squared error
can be estimated by

n

(L pall® = D) T L™ py ]| A)
IA*L=2 p, |12 '

T2 2
g1 — xT 12 =l — 2T <

Incase D = I, h = s = 0 last two relations were given in [8,10], but convergence results
and order optimal error bounds for stopping many gradient methods [2,9,10,17,33] with the
ME-rule were stated in [4,7-10,34].

5.3. ME-rule in conjugate gradient methods

Some gradient-type methods that do not fit into the class of methods (26) are conjugate
gradient methods (see [9,10,33,36]).

Methods CGLS and CGME are the conjugate gradient method applied to B*Bx = B*y
and BB*v = y withx = B*v,respectively. In both methods, we fix the initial approximation
X0, the initial value u¢ = 0 and By = 0, and compute t) = y — Bxo. Further, we compute
in CGLS pg = B*19, and forn = 1, 2, ... iteratively

2
l Pn—1ll

— Xy = Xp—1 — YuB*u,,
||BB*un ||2 n n yl’l n

Up = Bpy—1 — Tyu—1, VYn=

I pull?

Ty = Tp—1 + VnBB*una Pn = B*T}’la Bn = T 2
| pn—1ll
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In the method CGME, one computes forn = 1, 2, ... iteratively

i = ottt — 7. = Jml
n n—1Un—1 n—1, n ||B*1/ln||2’
% « AR
Xp =Xp—1 — VuB up, T =7t-1+yvuBB u,, ,311: 3
lTn—1ll
Both CGLS and CGME method have the form (21) with z,,_; = —y, L™%u,,, hence ME-rule

(24) can be used. In case D = I, h = s = 0, the ME-rule for CGLS and CGME methods
was proposed and numerically tested in [38].

5.4. ME-rule for sequence of approximations

In contrast to iterative methods where approximation on step n is computed using approx-
imation on previous step n — 1, one may consider an arbitrary sequence of approximations

xp=A%w,, n=12,..., w,eY (28)

and ask which from these approximations to take as approximate solution.

TueEOREM 5.1 If in sequence (28) the index n = nyg is chosen as the first index n
satisfying
() = (on —1—1_0,114;1, Wyl — Wp) < 29)
2D * (Wpg1 — wy)||
with A € {A1, Az}, then ME-property (3) holds.
Proof This follows from (25) with z,, = wy,+1 — wy,. O

To use the functional dyg(n), elements w, are needed. They can be found by first
computing w, and later x,, = A*w,.

Note that the last theorem also gives an alternative way to derive the ME-rule for
continuous regularization methods, using the sequence «;, = ¢”, ¢ < 1 and taking the limit
qg— 1.

The last theorem may be applied as an alternative or acomplement to any other parameter
choice rule for finding a regularized approximation from the sequence in the form x,, =
A*w,,n = 1,2, ... (for example in (iterated) Tikhonov method). Note that computation
of the sequence of all approximate solutions forn = 1,2, ..., N with some N is required,
for example, in the balancing principle (see [11,35,37,39]. This theorem guarantees that the
stopping index nyg g = max(nmg, np) is at least as good as the index np from arbitrary
balancing principle: || X,y — Xt < x5 — xT.

5.5. ME-rule for semi-iterative regularization methods

Let p, beresidual polynoms orthogonal in interval [0, || B* B||] with respect to some measure
(see [40]). Then pg =1,

Pn) = pp—1(A) + (I = tn)(Pn—2R) = pp—1(X)) — Opdpp—1(2), n=2
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with some constants u, and w,, where ;1 = 1. Then, semi-iterative approximations are
found as

X1 =x0+ w1 A* L™ (y — Axo),
Xp =Xp—1+ (1 — ) (Xp—2 — x40-1) + wnA*L_zs(y —Axp_1), n=2.

In case xo = A*wq, we have x, = A*w, with w; = wo + w1 L™ (y — AA*wy),

Wy = wy—1 + (1 = ) (Wy—2 — wy—1) + 0, L™ (y — A& w,—1), n>2. (30)

Thus, the iterations of the semi-iterative methods may be stopped by the ME-rule (29). We
give formula for w,, for the following examples of semi-iterative methods (see [40]).

(1) The Chebyshev method of Stiefel
2n n—1 4n —2s *
Wp—p + ——L “(y—AA"w,—1), n=12,...

n+1 n+1 n+1
(2) The Chebyshev method of Nemirovskii and Polyak

Wy =

4
w; = = L™ (y — AA*wy),

3
22n—1 2n—3 +42n_1L_2S( AA* )
w, = — Wy — - Wn—1),
n 2I’l+1n1 2n+1n2 1 y n—1
n=273,
(3) The v-method of Brakhage is method where w, in (30) has for fixed v > O the
coefficients
—1D2n—-3)(2 2v—1
pi=1, gy =l4—pzb@n=dentv-b 5,
nm+2v—1)2n+4v —1)2n+2v —3)
4v +2 42n+2v—1(n+v —1)
] = ) n = , n=2,3...
4v + 1 n+2v—1)R2n+4v—-1)

5.6. ME-rule in implicit iteration methods

Let us consider implicit iteration methods of the form

Xpg1 = Xn + A*L™(BB* + o, 1) ' L™ (y — Axy)
= (B*B +an]) ' (ap_1x0 + B*L™y), n=0,1,... (31)

This method has form (21) with
2n=L" (] +BB) 'L py = ' L . (32)
Therefore, the function dyg(n) in (25) attains the form

(on + Pn+1, L_2S,On+l)
[(D=1)*L=25 p 1|

dvg(n) =
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Incase D = I, h = s = 0, ME-rule for method (31) was studied in [4,7,8,34].
Let us now consider the question of choosing the parameter ¢, such that the guaranteed
improvement of accuracy of approximation x, 41 over x,, would be maximal.

ProrosiTiON 5.2 Inregularization method (31), the guaranteed improvement —®(z,,) of
accuracy in estimate (23) is maximized for z,, in (32) with o, as solution o of the equation

(DL (@l + BB 'L pyllll(@l + BB*) 2L p,||?
= (D) L™l + BB ' L™ py, (D™ L™ (@l + BB) P L™ p) A1 (33)

Proof Substitution of z, in (32) to function ®(z,) in (23) shows that minimization of
function ®(z,) is equivalent to minimization of the function

¢ (@) :=2|(D" Y L™ (al + BB*) '5,||A| — 2(ts, (@I + BB*) ')
+I1B*(al + BB*) 1, |1%,

where 7, := L p,. Differentiation with use of formula 1 L || . || = (%%u : ||2) /el
gives

1¢,( ) ((D*‘)*L*%ozl+BB*>*‘rn,(D”)*L*S(oﬂ+BB*>*2rn>A

L —

2 I(D~1*L=5 (@l + BB*) g, !

+ (I + BB*) '1,||> — | B*(«l + BB*) /%1,
The equality

(@l + BB*)"'7,|? = ((al + BB*)t,, (@l + BB*)31,)
= al(al + BB*) 7?1, |> + ||B*(al + BB*) /1,2

shows that ¢’(a) = 0 iff o solves the equation (33). U

THEOREM 5.3 In the case D = L™° in regularization method (31), the guaranteed
improvement —®(z,) of accuracy in estimate (23) is maximized, if «, is chosen by the
analogue of the discrepancy principle |L™° p,41|| = Ay.

Proof Indeed, in the case D = L™, the equation (33) for finding o« = r,; ! has the form
onll(onl + BB*)"'L™5p,|| = A1, which is equivalent to |[L™%p,+1|| = A1 due to the
equality o, (&, ] + BB*) "' L™5p, = L™ ppy1. O

6. Convergence and quasi-optimality for the ME-rule

In the ME-rule, considered in previous sections, the regularization parameter r in continuous
regularization methods is found as the solution (the largest solution in case of many
solutions) of a certain equation d(r, y, A) = A with A € {Aj, A3}. In regularization
methods, where the regularization parameter is a natural number as in iteration methods,
we choose rvg as the first » = 1, 2, ... for which d(r, y, A) < A. Let us denote by x9
the regularized solutions for exact data yy, Ag. We give for the ME-rule, the following
convergence result.
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THEOREM 6.1 Let A € {Ay, Az}, Let x?, X satisfy the following properties:

(hH ||x9 —x"| = 0asr — oo;

@ Nxd = xp | < M1x2 = x|l (for iy < r2);

(3) ifr(A) <const <ocoas A — 0, then ||x,(a) — x?(A)H —0as A = 0;

(4) if for some sequence rp < const < oo (k — 00) it holds true d(ry, yo, Ag) — 0
(k — 00), then ||x9k —xT| = 0(k > o0).

Then, ||y, — xT|| — 0as A — 0.

Proof For every r it holds

Xy —x?

+

e — )l < 50—t (34)
First we consider the main case where ryg(A) — oo as A — 0. Then, ||)c,(;v[E —x"I=0
due to the assumption (1). It remains to show that ||x9ME — Xnell = 0as A — 0.
Let ro(A) be a monotonically increasing function giving some a priori regularization
parameter guaranteeing convergence ||x,, — x'| = 0as A — 0.If ryg < ro, then due to
assumption (2)

[E%

0
0 = el = 160 = x .

If rmg > ro, then ME-property says that
e = 211 < Hxrg = x7.

Both estimates converge to 0 as A — 0.
Consider now the case if ryg(A) < const (A — 0). Then, for r = ryg both terms in
the right-hand side of (34) converge as A — 0 due to assumptions (3) and (4). O

Assumptions (1)—(3) of Theorem 6.1 are general concerning regularization method.
Only the last assumption (4) uses concrete form of the function d(r, y, A), for regularization
method (7) it can be proved similarly to Lemma 3.2 in [2, p. 66].

Consider now the case D = L™°. The problem Ax = y may be rewritten in form
Bx = y with operator B € L(X, Y) and for x, in (7)

Xr = B*g,(BB")y = g,(B*B)B"y 35)

the standard regularization theory applies. We get the following results.

THEOREM 6.2 Let (4) hold with D = L™°. Let x, be defined by one of methods M1-M5.
Then, choice of r by one of rules D, MD, ME or MEe guarantees convergence ||x, —x || — 0
as A — 0 and under additional assumption x € R((B*B)P/?) the order optimal error
estimate ||x, —xT| < O(Al’%) holds with p < 2po — 1 for rule D, with p < 2pq for rules
MD, ME and MEpe.

Proof Let D = L™*. Then, results of this theorem for discrepancy principle follow from
the results in [1,2,17], for MD rule in [22,41]. Let C = 1 in rules D, MD. In methods M1,
M2 it holds dyp (@) < dmie(a) < dp(a), therefore ap < apme < amp ([5-8]), in methods
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M3, M4 np — 1 < nme < np ([4,7,8]), in method M5 dyig(«) = dp(a). Therefore, results
for ME rule follow from results for D rule and MD rule. The same results hold for parameter
I'MEe = CONSt rvE. |

Let us consider the quasi-optimality results for the regularization methods. To charac-
terize the quality of the rule of an a posteriori regularization parameter choice, we use in the
following the quasi-optimality property (see [41,42]). We say that a rule R for a posteriori
choice of the regularization parameter r = r(R) is quasi-optimal for a given regularization
method x, = A*g,(AA™)y, if there exists a constant C (not depending on Ag, A, x', y)
such that for ||y — yoll <6, [|]A — Ag|| < h the error estimate

ey = 271l < Cinf Y () + O + hllx "), (36)
holds, where the function
Y() = U — A" Agr (A" ADx D) + yu/r (8 + hxT ) (37)

is an upper bound of the error ||x, — x||. The following result holds.

THEOREM 6.3 Let D = L™°. The modified discrepancy principle with A € {A1, Aa, Az}
and C > 1 is quasi-optimal rule for solving the problem Bx = y by methods M1-MS5: the
inequality (36) holds where the operators A, A* are replaced by operators B, B* in (37).
This quasi-optimality is also guaranteed for ME-rule with A € {A1, A3}, but also with
A = Az ifin (17) and (24) A is replaced by C A with C > 1.

Proof Applying results of [41] (Theorem 3) (see also [34](Theorem 2, Remark 2)) to the
approximation (35) instead of x, = A*g,.(AA™)y, we get the assertions of theorem about
MD rule, but also for ME rule with A € {A1, Ay, A3} ifin (17) and (24) CA with C > 1is
used. In case A € {Aq, Ay}, the increase of C > 1 in right-hand side CA in (17) and (24)
leads to decrease of parameter r < ryg, therefore, to increase of the error ||x, — . O

7. Numerical examples

Our tests are performed on the well-known set of test problems by Hansen [43]: baart,
deriv2, foxgood, gravity, heat, ilaplace, phillips, shaw, spikes, wing. In all tests, we used
the discretization parameter n = 100.

For example, the test problem heat (see [43,44]) represents the heat conduction in one-
dimensional semi-infinite rod [0, co) with the thermal diffusivity 1. The initial temperature
of the rod is 0 and the boundary condition at the point & = 0 is not known. Instead,
one measures the temperature at £ = 1 for the time ¢ € [0, 1] and tries to determine the
temperature at £ = 0 from this measurement. (NB! In this paragraph and in the following
paragraph, ¢ and s have different meaning from the rest of the paper.)

This results in the Volterra integral equation of the first kind

t (t— S)73/2 1 B
/0 chp <_4(t — s)) x(s)ds = y(1), t €[0,1],

where y(t) is the measured temperature at £ = 1 and x(¢) is the temperature at £ = 0.
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The integral equation is discretized by means of a simple collocation method on the
points #; = i/n and the midpoint rule with » = 100 points. An exact discrete solution z
with components

75t2, ify; <0.1
_ 075+ (201; —2)(3 = 201;), if 0.1 <#; < 0.15
“@= 0.75 exp(—2(201; — 3)), if0.15 < <0.5
0, otherwise

is constructed, and then the right-hand side b is computed as b = Az.

Since the performance of methods and rules generally depends on the smoothness p of
the exact solution, we complemented the standard solutions x' of the (now discrete) test
problems with smoothened solutions (A*A)?/?xT (p = 2) in all test problems (computing
the right-hand side as A((A*A)”/ 2xT)). After discretization, all problems were scaled
(normalized) in such a way that the Euclidian norms of the operator and the right-hand
side were 1. We used operator D = L~ with 7 € {—0.5, 0, 0.5}. We computed L~ yg and
added a normally distributed noise such that | L~ (y — yo)|| had the values 0.3, 10!, 1072,
1073, 1074, 1073, 107°. Here, | - || means the Euclidean norm.

We generated 10 noise vectors and used these vectors in all of the problems. The
problems were regularized by the Tikhonov method in Y;-scales (the second formula in
(9)), where the regularization parameters were chosen according to the rules that we wanted
to compare. We used the Y;-scale with the operator L acting as Lu = u — u”. In the discrete

form, we used the approximating matrix (/;;) with the elements /;; = mi4+1,i=1,...,n,
liisi =liy1;=-n?i=1,...,n—1,1;; = 0 otherwise.

Since in these model equations the exact solution is known, it is possible to find the reg-
ularization parameter o = o, which gives the smallest error: ||xq, — X7 = ming=o{llxe —

x|}. For every rule R, the error ratio ||xq — x|/ |Xq, — x| describes the performance of
the rule R on this particular problem. For better comparison of the cases with different s, in
the denominator we always use s = 0. To compare the rules or to present their properties,
the following tables show averages of these error ratios over various parameters of the data
set (problems 1-10, noise levels §, noise vectors).

In Tables 1 and 2 we compare the following rules. Earlier we have introduced the
discrepancy principle D (see page 5, formula (11)), the rule MD’ (page 7, (19)), the monotone
error rule ME (page 7, (19)) and the rule MEa as the analog of the ME-rule (page 7,
(20)). In rule MEe (recall motivation on page 7), we chose the regularization parameter as
aMEe = amg/c withe =2.3-10, ¢; = (s —1)(1.5+1.35s — 0.5¢ — 0.852 + 25t — £2); this
form of the constant was obtained by extensive numerical experiments on different values
of s and ¢. In rule MEae, we chose the parameter oygae = 0MEa/C, Where ¢ = 2.3 fort =0
andc=3fort =—-0.50rt =0.5.

Note that in the case s > ¢, the ME rule (unlike rules D, MD’, MEa) allows mild
underestimation of the noise level. In the columns MEO8 and ME(Q7, we present the error
ratios obtained by using the noise levels 0.85 and 0.7§ instead of §. Typically, MEOS and
MEQ7 give better results than ME rule, but sometimes they can give large errors. If instead
of the exact noise level approximate noise level is given, we recommend using the MEe-rule
withs > t.Inthe case s = ¢, all considered rules failed if the noise level was underestimated.

In Table 1, we present the results separately for large §’s (I means § > 10~2) and small
8’s (s means § < 1073). We present results for s = 7 and s = ¢ 4 0.5. For a given ¢ in most
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Table 1. Error ratios for different rules.

t s p D MD’ ME MEO8 MEO7 MEe MEa  MEae
-05 =05 0 1 1.20 1.38 1.28 1.15 1.28 1.17
-05 =05 0 s 1.44 2.41 1.48 1.23 1.48 1.19
-05 —-05 2 1 4.10 490 435 3.73 4.35 3.90
-05 =05 2 s 16.2 18.1 14.9 10.4 14.9 10.2
-05 0 0 I 3e+2 2e+2 197 1.80 1.70 1.26 le+2 le+2
-05 0 0 s 2.84 2.72 2.06 1.86 15.5 1.31 1.89 1.89
-05 0 2 1 4e+4  2e+4 356 292 2.58 1.27  2e+4 2e+4
-05 0 2 s Se+3 2e+3 229 2.03 247 1.54 le+3 le+3
0 0 0 1 1.15 1.37 1.28 1.13 1.28 1.13
0 0 0 s 1.22 1.51 1.38 1.19 1.38 1.19
0 0 2 1 1.24 1.53 1.29 1.09 1.29 1.09
0 0 2 S 3.66 1.91 1.57 1.11 1.57 1.11
0 05 0 1 1.61 1.48 2.13 1.93 1.98 1.32 1.34 1.26
0 05 0 s 1.34 1.55 2.00 1.82 3.30 1.36 1.46 1.37
0 05 2 1 1.54 1.68 3.20 2.61 231 1.19 1.52 1.24
0 05 2 s 3.31 3.78 6.97 5.96 5.89 2.95 3.55 3.33
0.5 05 0 1 0.92 1.02 098 0.90 0.98 0.89
0.5 05 0 s 1.18 1.35 1.29 1.15 1.29 1.12
0.5 05 2 1 0.61 0.77 0.66 0.60 0.66 0.66
0.5 05 2 s 1.18 1.66 1.47 1.13 1.47 1.10
0.5 1 0 1 0.99 1.02 1.56 1.46 1.40 1.14 1.04 0.90
0.5 1 0 s 1.24 1.37 1.77 1.64 2.08 1.22 1.32 1.20
0.5 1 2 1 0.54 0.76 2.37 1.98 1.76 1.31 0.66 0.58
0.5 1 2 S 1.56 1.90 3.22 2.85 3.00 1.70 1.76 1.56

cases, the best choice of s is s = ¢, in which case all of the considered rules gave similar
results. Butin the case s = r = —0.5, wecould not obtain good results for smooth solutions,
especially in case of small noise levels. Then, the error function had a very sharp decrease
at its minimum, which was hard to locate. Therefore, in the case t = —0.5 we recommend
taking s = 0. Then, the ME and MEge rules gave good results. However, other rules failed
in this case in the problems baart, foxgood, and wing.

In most problems, using other values of s and ¢ than s = 7 and s = t + 0.5 caused
slightly worse results in the rules ME and MEe and essentially worse results in rules D
and MD’. However, in the problems deriv2 and phillips in the case of a smooth solution
(p = 2), increasing s increased the accuracy of rules D, MD’, MEe for all ¢ (in problem
deriv2 the accuracy of rule D increased for s up to 0.5).

Table 1 shows that the discrepancy principle works well inthe case s =t = 0,5 =t =
0.5 but is not as good for p > 1. Typically, the MEe-rule gives the best results. We made
computations besides MD’ rule (13) also with MD rule (12), the results were almost the
same.

Table 2 presents the results for the problem heat. In column ‘min’, we present averages
of minimal errors over 10 runs for concrete s and ¢. Unlike Table 1, the rules D, MD’, MEa,
MEae gave almost as good results as the rule MEe. These rules were not as good as the rule
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Table 2. Results for the problem heat.

t s p 8 min D MD* ME MEO8 MEO7 MEe MEa MEae
—05-05 0 107! 1.08-1 121 158 1.35 119 135 127
—05-05 0 107* 935%-3 1.05 125 1.16 1.05 1.16 1.04
—05-05 2 107! 556e2 505 596 5.12 488 512 537
—05—-05 2 107* 9.85e4 243 194 163 135 163 140
-05 0 0 107! 934e2 1.14 149 158 134 122 112 133 133
-05 0 0 107% 9483 1.2 125 132 126 123 1.03 1.18 1.18
-05 0 2 1070 128e2 1.04 325 279 207 1.74 119 3.10 3.10
-05 0 2 107% 745e-5 129 338 145 127 117 171 2797 277
0 0 0 107! 597e-1 1.07 124 1.5 1.02 1.15 1.02
0 0 0 107% 334e2 100 126 1.14 1.01  1.14 1.01
0 0 2 1071 867e2 1.15 122 1.07 1.14 107 1.14
0 0 2 107% 1.15e-3 250 140 1.18 1.04 1.18 1.04
0 05 0 107! 57le-1 1.11 124 189 1.66 1.51 .15 1.17 1.04
0 05 0 107% 3252 104 127 1.17 1.06 1.17 121 1.16 1.01
0 05 2 107! 4932 062 081 1.69 147 135 057 0.72  0.60
0 05 2 107* 989%-4 089 1.19 133 1.05 852 123 1.05 0.88
0.5 05 0 107! 1.18 090 093 091 087 091 0.87
0.5 05 0 107* 1l.64e-1 095 1.18 1.08 090 1.08 0.88
0.5 05 2 1071 14le-1 034 039 036 035 036 037
0.5 05 2 1074 721e-3 0.61 079 0.71 0.61 0.71 0.63
0.5 1 0 107! 1.15 092 094 1.14 1.13 1.11 098 093 0.89
0.5 1 0 107* 155e-1 103 120 130 1.10 7.04 092 1.13 092
0.5 1 2 1071 1.15e-1 028 036 084 0.67 059 031 033 029
0.5 1 2 107% 6.79%e-3 0.63 080 121 1.00 086 0.67 072 0.58

MEge only in the case of smooth solution (p = 2): rule D for t = s = 0 and rules MD’,
MEa, MEae fort = —0.5,5s = 0.

Both in Tables 1 and 2 in case t = 0.5, s = 1, the best results were obtained by using
the MExae rule.

Some remarks about numerical realization of algorithms. In our numerical computations,
the discretization parameter n was 100. This low dimension allowed us to use the advantages
of singular value decomposition of the matrix for fast computations. Note also that instead
of the solution of the Equations (11), (19) and (20) we made computations on the «-sequence
o =097 i =0,1,...and used for the corresponding regularization parameter the first
«; for which the left hand side of the equation was smaller than the right-hand side.

The computations are made with the exact operator, since the inexact operator is typically
accompanied by a significant overestimation of the noise level. In this case, it is preferable
to use the rules from the article [25] where the exact operator was considered. We plan to
extend these results to the case of a noisy operator in a forthcoming paper.

It is worthwhile to think about the possibility to choose the operator L depending on the
operator A.

Note that the ME-rule can also be used in projection methods. It was studied for the
exact operator in [45]. Generalizations to noisy operators are to be published in a further

paper.
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8. Conclusion

We have considered a linear ill-posed problem Agx = yo with the operator Ag € L(X, Y).A
noisy right-hand side y and an operator A with noiselevels || D(yo—y)|| < 8, [|D(Ag—A)| <
h, where D is certain operator, are given. We derived the monotone error rule (ME rule)
for parameter choice in many regularization methods in Y_g-scale, generated by powers
s € R of certain operator L. These regularization methods include the (iterated) Tikhonov
method and many iterative methods (Landweber method, steepest descent method, con-
jugate gradient-type methods, semi-iterative methods, implicit iteration method). It was
shown for which data the ME rule gives the optimal parameter. For a class of methods, the
convergence and quasi-optimality results are given. In extensive numerical experiments,
the ME-rule and its modification MEe gave good results, whereby in the case D = L™
with ¢ < s these two rules allowed also moderate underestimation of the noise level (other
rules fail in case of underestimated noise level).

Acknowledgements

This work was started while the first author held an appointment as Visiting Professor at the University
of Applied Sciences Zittau/Gorlitz from June until August 2010 and was supported by DFG (Deutsche
Forschungsgemeinschaft) under a cooperative bilateral research project grant. In addition, the work
was supported by the Estonian Science Foundation, Grant 9120.

References

[1] Engl HW, Hanke M, Neubauer A. Regularization of inverse problems. Vol. 375, Mathematics
and its applications. Dordrecht: Kluwer; 1996.

[2] Vainikko GM, Veretennikov AY. Iteration procedures in ill-posed problems. Moscow: Nauka;
1986 (in Russian).

[3] Tautenhahn U. On a new parameter choice rule for ill-posed inverse problems. In: Lipitakis EA,
editor. HERCMA ’98: Proc. 4th Hellenic-European Conference on Computer Mathematics and
its Applications. Athens: Lea Publishers; 1999. p. 118-125.

[4] Hémarik U. Monotonicity of error and choice of the stopping index in iterative regularization
methods. In: Pedas A, editor. Differential and integral equations: theory and numerical analysis.
Tartu: Estonian Mathematical Society; 1999. p. 15-30.

[5] Hémarik U, Raus T. On the a posteriori parameter choice in regularization methods. Proc.
Estonian Acad. Sci. Phys. Math. 1999;48:133-145.

[6] Tautenhahn U, Hdamarik U. The use of monotonicity for choosing the regularization parameter
in ill-posed problems. Inverse Probl. 1999;15:1487-1505.

[7] Hémarik U, Tautenhahn U. On the monotone error rule for parameter choice in iterative and
continuous regularization methods. BIT Numerical Math. 2001;41:1029-1038.

[8] Hédmarik U, Tautenhahn U. On the monotone error rule for choosing the regularization
parameter in ill-posed problems. In: Lavrentiev MM, Kabanikhin SI, editors. Ill-posed
and non-classical problems of mathematical physics and analysis. Utrecht: VSP; 2003.
p. 27-55.

[9] Alifanov OM, Rumyantsev SV. On the stability of iterative methods for the solution of linear
ill-posed problems. Soviet Math. Dokl. 1979;20:1133-1136.

[10] Alifanov OM, Artyukhin EA, Rumyantsev SV. Extreme methods for solving ill-posed problems
with applications to inverse heat transfer problems. New York: Begell House; 1995.

[11] Egger H. Y-scale regularization. SIAM J. Numer. Anal. 2008;46:419-436.

[12] Egger H. Regularization of inverse problems with large noise. J. Phys.: Conf. Ser. 2008;124:9pp.



Inverse Problems in Science and Engineering 29

[13] Morozov VA. Regularization under large noise. Comput. Math. Math. Phys. 1996;36:1175-1181.

[14] Eggermont PPB, LaRiccia VN, Nashed MZ. On weakly bounded noise in ill-posed problems.
Inverse Prob. 2009;25:14 p.

[15] Mathé P, Tautenhahn U. Enhancing linear regularization to treat large noise. J. Inverse Il1-Posed
Prob. 2011;19:859-879.

[16] Mathé P, Tautenhahn U. Regularization under general noise assumptions. Inverse Prob.
2011;27:035016 (15 p).

[17] Vainikko GM. The discrepancy principle for a class of regularization methods. USSR Comp.
Math. Math. Phys. 1982;22:1-19.

[18] Himarik U, Palm R, Raus T. Use of extrapolation in regularization methods. J. Inverse I11-Posed
Prob. 2007;15:277-294.

[19] Hamarik U, Palm R, Raus T. Extrapolation of Tikhonov regularization method. Math. Model.
Anal. 2010;15:55-68.

[20] Tautenhahn U. Error estimates for regularization methods in Hilbert scales. SIAM J. Numer.
Anal. 1996;33:2120-2130.

[21] Morozov VA. On the solution of functional equations by the method of regularization. Soviet
Math. Dokl. 1966;7:414-417.

[22] Raus T. On the discrepancy principle for solution of ill-posed problems with non-selfadjoint
operators. Acta et comment. Univ. Tartuensis. 1985;715:12-20 (in Russian).

[23] Gfrerer H. An a posteriori parameter choice for ordinary and iterated Tikhonov regularization
of ill-posed problems leading to optimal convergence rates. Math. Comp. 1987;49:507-522.

[24] Tautenhahn U. On order optimal regularization under general source conditions. Proc. Est. Acad.
Sci. Phys. Math. 2004;53:116-123.

[25] Hamarik U, Palm R, Raus T. A family of rules for parameter choice in Tikhonov regularization
of ill-posed problems with inexact noise level. J. Comput. Appl. Math. 2012;236:2146-2157.

[26] Hamarik U, Palm R, Raus T. Comparison of parameter choices in regularization algorithms in
case of different information about noise level. Calcolo. 2011;48:47-59.

[27] Hamarik U, Kangro U, Palm R, Raus T. On parameter choice in the regularization of
ill-posed problems with rough estimate of the noise level of the data. In: Numerical analysis
and applied mathematics ICNAAM 2012. AIP Conference Proceedings, 1479. New York (NY):
American Institute of Physics; 2012. p. 2332-2335.

[28] Hamarik U, Raus T. On the choice of the regularization parameter in ill-posed problems with
approximately given noise level of data. J. Inverse I1I-Posed Prob. 2006;14:251-266.

[29] Hamarik U, Palm R, Raus T. On minimization strategies for choice of the regularization parameter
in ill-posed problems. Numer. Funct. Anal. Opt. 2009;30:924-950.

[30] Hamarik U, Raus T, Palm R. On the analog of the monotone error rule for parameter choice in
the (iterated) Lavrentiev regularization. Comput. Meth. Appl. Math. 2008;8:237-252.

[31] Palm R. Numerical comparison of regularization algorithms for solving ill-posed problems.
University of Tartu; 2010. Available from: http://hdl.handle.net/10062/14623.

[32] Hamarik U, Palm R, Raus T. A family of rules for the choice of the regularization parameter
in the Lavrentiev method in the case of rough estimate of the noise level of the data. J. Inverse
I11-Posed Prob. 2012;20:831-854.

[33] Gilyazov SF, Goldman NL. Regularization of ill-posed problems by iteration methods. Vol. 499,
Mathematics and its applications. Dordrecht: Kluwer; 2000.

[34] Hiamarik U, Raus T. On the choice of the stopping index in iteration methods for solving problems
with noisy data. In: Lipitakis EA, editor. HERCMA 2001: Proceedings of the 5th Hellenic-
European conference on computer mathematics and its applications, Athens, Greece, September
20-22, 2001. Athens: Lea Publishers; 2002. p. 524-529.

[35] Mathé P, Pereverzev SV. Geometry of linear ill-posed problems in variable Hilbert scales. Inverse
Prob. 2003;19:789-803.


http://hdl.handle.net/10062/14623

30 U. Hdmarik et al.

[36] Hanke M. Conjugate gradient type methods for ill-posed problems. Harlow: Longman Scientific
& Technical; 1995.

[37] Pereverzev SV, Schock E. On the adaptive selection of the parameter in the regularization of
ill-posed problems. SIAM J. Numer. Anal. 2005;43:2060-2076.

[38] Hamarik U, Palm R. On rules for stopping the conjugate gradient type methods in ill-posed
problems. Math. Model. Anal. 2007;12:61-70.

[39] Hidmarik U, Raus T. About the balancing principle for choice of the regularization parameter.
Numer. Funct. Anal. Opt. 2009;30:951-970.

[40] Hanke M. Accelerated Landweber iterations for the solution of ill-posed equations. Numer. Math.
1991;60:341-373.

[41] Raus T, Himarik U. On the quasi-optimal rules for the choice of the regularization parameter in
case of a noisy operator. Adv. Comput. Math. 2012;36:221-233.

[42] Hidmarik U, Palm R, Raus T. On the quasioptimal regularization parameter choices for solving
ill-posed problems. J. Inverse I11-Posed Prob. 2007;15:419-439.

[43] Hansen PC. Regularization tools: a Matlab package for analysis and solution of discrete ill-posed
problems. Numerical Algorithms. 1994;6:1-35.

[44] Eldén L. The numerical solution of a non-characteristic Cauchy problem for a parabolic equation.
In: Numerical Treatment of Inverse Problems in Differential and Integral Equations, Proceedings
of an International Workshop, Heidelberg, 1982. Boston: Birkhduser; 1983. p. 246-268.

[45] Hamarik U, Avi E, Ganina A. On the solution of ill-posed problems by projection methods with
a posteriori choice of the discretization level. Math. Model. Anal. 2002;7:241-252.





