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2. Tak kak podintegral~nye funkcii v obeih qast�h ravenstva
∫ f(x)

1

eu2
du =∫ x

0

udu

f(u)
nepreryvny i f differenciruema, to my mo�em prodifferencirovat~

�to ravenstvo. Imeem

f ′(x)ef2(x) =
x

f(x)
⇐⇒ ef2(x)f(x)f ′(x) =

(
ef2(x)

)′
2

= x ⇐⇒ ef2(x) = x2 + C.

Sledovate~no f(x) =
√

ln(x2 + C). Opredelim konstantu C. Sperva zametim, qto
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otkuda i sleduet trebuemoe neravenstvo.

4. Zametim, qto

an =
n∑

k=0
2|k

Ck
n(
√

3)k,
√

3bn =
n∑

k=0
26|k

Ck
n(
√

3)k.

S drugo$i storony (1−
√

3)n =
n∑

k=0

(−1)kCk
n(
√

3)k = an −
√

3bn. Po�tomu

an =
1
2
(
(1 +

√
3)n + (1−

√
3)n

)
,

bn =
1

2
√

3

(
(1 +

√
3)n − (1−

√
3)n

)
.

Sledovatel~no

lim
n→∞

an

bn
=
√

3 lim
n→∞

(1 +
√

3)n + (1−
√

3)n

(1 +
√

3)n − (1−
√

3)n
=
√

3.

5. Oboznaqim P := 3E − 3A i Q := 3A + 2E. Togda

X−1 = Q−1 +
(P/3)−1

3
= Q−1 + P−1 = P−1(P + Q)Q−1 = P−1(5E)Q−1

= 5(QP )−1 = 5(6E + 3(A− 3A2))−1 =
5E

6
.

Sledovatel~no X = 6E/5.

6. Doka�em utver�denie indukcie$i po r. Pust~ r = 0 i poka�em, qto

fukci� u(n) = an, gde a 6= 0 �vl�ets� rexeniem rekurrentnogo sootnoxeni� (1)

togda i tol~ko togda, kogda a �vl�ets� kornem f(x).

Podstavl�� u(n) = an v rekurrentnoe sootnoxenie

u(n + k) = a0u(n) + a1u(n + 1) + . . . + ak−1u(n + k − 1), (1)

poluqim:

an+k = a0a
n + a1a

n+1 + . . . + ak−1a
n+k−1 ⇐⇒ an(ak − ak−1a

k−1 − . . .− a0) = 0

⇐⇒ anf(a) = 0.



Dopustim, qto v(n) = nr−1an �vl�ets� rexeniem rekurrentnogo sootnoxeni�

(1) i a – koren~ f(x) kratnosti ne menee r i poka�em u(n) = nran �vl�ets�

rexeniem (1) togda i tol~ko togda, kogda a – koren~ f(x) kratnosti ne menee

r + 1. Podstavl�� nran v (1) poluqim:

(n + k)ran+k = a0n
ran + a1(n + 1)ran+1 + . . . + ak−1(n + k − 1)ran+k−1.

Otkuda

(n + k)v(n + k) = a0nv(n) + a1(n + 1)v(n + 1) + . . . + ak−1(n + k − 1)v(n + k − 1).

Tak kak v(n) �vl�ets� rexeniem (1), to nam neobhodimo pokazat~, qto v(n)

udovletvor�et ravenstvu

kv(n + k) = a1v(n + 1) + . . . + ak−1(k − 1)v(n + k − 1) (2)

togda i tol~ko togda, kogda a – koren~ f(x) kratnosti ne menee r + 1. Netrudno

zametit~, qto sootnoxeni� (2) sootvetstvuet mnogoqlen xf ′(x) i po induk-

tivnomu prepolo�eni� v(n) �vl�ets� rexeniem (2) togda i tol~ko togda, kogda

a – koren~ f ′(x) kratnosti ne menee r. Takim obrazom a dol�no �vl�t~s� kornem

f(x) kratnosti ne menee r + 1.


